In this paper we discuss the structure of weighted weak Lebesgue spaces and weighted weak Orlicz spaces on R n . First, we present sufficient and necessary conditions for inclusion relation between weighted weak Lebesgue spaces. Next, we also obtain similar results on weighted weak Orlicz spaces. One of the keys to prove our results is to use the norm of the characteristic functions of the balls in R n .
Introduction
Orlicz spaces as generalization of Lebesgue spaces were introduced by Z. W. Birnbaum and W. Orlicz in 1931 (see [8, 11, 12, 22] ). Many authors gave more attention in the study of Orlicz spaces (see [5, 7, 8, 9, 10, 11, 12, 19, 22, 23, 24] ). In particular, Maligranda [12] discussed about inclusion properties of Orlicz spaces. In 2016, Masta et al. [13] obtained inclusion relations between Orlicz spaces and between weak Orlicz spaces using different technique.
On the other hand, Osançliol [21] have proved sufficient and necessary conditions for inclusion relation between two weighted Lebesgue spaces. Furthermore, he also obtained the sufficient and necessary conditions for inclusion relation between two weighted (strong) Orlicz spaces.
Motivated by these results, we are interested in studying the inclusion properties of weighted weak Lebesgue spaces and weighted weak Orlicz spaces. In particular, we shall give sufficient and necessary conditions for inclusion relations between weighted Lebesgue spaces and between weighted weak Orlicz spaces.
For that purpose, we introduce some definitions. Let U be the set of all functions u : R n → (0, ∞) such that u(x + y) ≤ u(x) · u(y) for all x, y ∈ R n . Let u 1 , u 2 be the elements of U, we denote u 1 u 2 if there exists a constant C > 0 such that u 1 (x) ≤ Cu 2 (x) for all x ∈ R n . Now, let us give the definition of weighted weak Lebesgue spaces and weighted weak Orlicz spaces. For 1 ≤ p < ∞ and u : R n → (0, ∞), the weighted weak Lebesgue space wL
Φ(t) = 0 = Φ(0), leftcontinuous and lim t→∞ Φ(t) = ∞] and u : R n → (0, ∞), the weighted weak Orlicz space wL
Note that if there exists C > 0 such that u 1 (x) ≤ Cu 2 (x) for every x ∈ R n , then
The space wL u Φ (R n ) is quasi-Banach spaces equipped with the quasi-norm f wL u
To achieve our purpose, we will use the similar methods in [4, 13, 14, 21] which pay attention to the characteristic functions of open balls in R n . Next, we recall some lemmas which will be used later in next section. Lemma 1.1. [17] Suppose that Φ is a Young function and Φ −1 (s) := inf{r ≥ 0 : Φ(r) > s}. We have
for every x ∈ R n , then:
In this paper, the letter C will be used for constants that may change from line to line, while constants with subscripts, such as C 1 , C 2 , do not change in different lines.
Results
First, we present sufficient and necessary conditions for inclusion properties of weighted weak Lebesgue spaces in the following theorem.
Teorema 2.1. Let 1 ≤ p < ∞ and u 1 , u 2 : R n → (0, ∞). Then the following statements are equivalent:
Proof.
Assume that (1) holds, then there exist a constant C > 0 such that
. Now, take an arbitrary t > 0, observe that (by setting
Since t > 0 is arbitrary, we have f wL
) is a quasi-Banach pair, as mentioned in [10, Appendix G], we are aware that [6, Lemma 3.3] still holds for quasi-Banach spaces, so we have (2) and (3) are equivalent. Then we remain to show that (3) implies (1) . Assume that (3) holds. By Lemma 1.3, we have
So, we can conclude that u 1 u 2 .
Next, we will investigate the inclusion properties of weighted weak Orlicz spaces. For getting a result, we give attention to estimate the norm of the characteristic function of open ball in the following lemma.
Lemma 2.2. [10, 13] Let Φ be a Young function, a ∈ R n , and r > 0 be arbitrary. Then we have 
Observe that, for arbitrary b ∈ A Φ 2 ,u and t > 0, we have
Since t > 0 is arbitrary, we obtain
which also proves that wL
Using a similar argument in the proof of Theorem 2.1, we have (2) and (3) are equivalent.
Assume now that (3) holds. By Lemma 2.2, we have
), for arbitrary a ∈ R n and r > 0. By Lemma 1.2, we have
). Since a ∈ R n and r > 0 are arbitrary, we conclude that Φ 1 (t) ≤ Φ 2 (Ct) for every t > 0. 
Proof.
Let f be an element of wL u Φ (R n ). Take an arbitrary ǫ > 0, then there exists b ǫ > 0 such that
for every t > 0. Since t > 0 is arbitrary, we can conclude that
for every ǫ > 0.
Lemma 2.6. Let u be element of U. If Φ is a continuous Young function satisfying the △ 2 condition [that is, there exists K > 0 such that Φ(2t) ≤ KΦ(t) for all t ≥ 0], then:
. For arbitrary t, ǫ > 0, observe that;
for v := y − x. Since t > 0 is arbitrary, we have
(2) Let f ∈ wL u Φ (R n ) and f = 0, then there exist a constant C > 0 (depends on f ) such that
By Lemma 2.6 (1), then we have
So we obtain,
Since t > 0 is arbitrary, we also obtain
. Hence, we conclude that 
Assume that (1) holds. Let f be an element of wL
n . Using a similar argument in the proof of Theorem 2.3 we have
As before, we have (2) and (3) are equivalent. It thus remains to show that (3) implies (1). Assume that (3) holds. By Lemma 2.6, we have
for every x ∈ R n . So, we obtain u 1 u 2 .
Remark 2.8. It follows from Theorems 2.3 and 2.7 that there cannot be an inclusion relation between wL
for distinct values of p 1 and p 2 . In spite of that, for finite measure X we can obtained inclusion relation between wL 
An additional case
In the following, we will give sufficient condition for Hölder's inequality on weighted weak Orlicz spaces which will be used to obtain inclusion relation between wL 
Proof.
Let f i be elements of wL
For each x ∈ X and k ∈ N, let
≤ M(x, k) and Lemma 1.1 (3), we have
On the other hand, we have
Next, we also have
, for i = 1, 2.
So, we obtain Φ 3 (t) x ∈ X :
> s
≤1.
Since t > 0 is an arbitrary positive real number, we get (X) and this is true for every k ∈ N. We can conclude that f 1 f 2 wL Proof. Since 0 < u(x) ≤ 1 for every x ∈ X, we have f wL 
